In this paper, we completely solve the existence of large sets of (3, λ)-GDDs of type g u and the existence of a simple (3, λ)-GDD of type g u .
Introduction
A group divisible design GDD(λ, t, K, v; g
is a triple (X, G, B) such that (1) X is a set of v elements (called points).
(2) G is a partition of X into u i sets of g i points (called groups), i = 1, 2, . . . , s.
(3) B is a multiset of subsets of X (called blocks), such that |B| ∈ K, |B ∩ G| ≤ 1 for all B ∈ B and G ∈ G and such that any t-subset T of X with |T ∩ G| ≤ 1 for all G ∈ G, is contained in exactly λ blocks.
For the sake of brevity, we write k rather than {k} when K = {k} is a singleton, and use (k, λ)-GDD(g A group divisible design is called simple if no two blocks are identical. In this paper, we focus on group divisible designs with block size 3. The necessary condition for the existence of a simple (3, λ)-GDD(g u ) is as follows. Theorem 1.1. If there is a simple (3, λ)-GDD(g u ), then u ≥ 3, 1 ≤ λ ≤ g(u−2), λg(u−1) ≡ 0 (mod 2), and λg 2 u(u − 1) ≡ 0 (mod 6).
Two simple (3, λ)-GDDs (X, G, A) and (X, G, B) are called disjoint if A ∩ B = ∅. A set of more than two simple (3, λ)-GDDs is called disjoint if each pair of them is disjoint. It is obvious that the maximum number of disjoint (3, λ)-GDDs of type g u is no more than (u−2)g λ . The collection of (u−2)g λ disjoint (3, λ)-GDDs of type g u is called a large set. We denote the large set by (3, λ)-LGDD(g u ). The necessary condition for the existence of a (3, λ)-LGDD(g u ) is as follows.
Theorem 1.2.
If there is a (3, λ)-LGDD(g u ), then u ≥ 3, 1 ≤ λ ≤ g(u − 2), λg(u − 1) ≡ 0 (mod 2), λg 2 u(u − 1) ≡ 0 (mod 6) and g(u − 2) ≡ 0 (mod λ).
A lot of work has been done on the existence of a simple (3, λ)-GDD(g u ) and a (3, λ)-LGDD(g u ). We summarize the known results in the following two theorems. For more results on large sets with resolvable property, see [2, 9, 12, 24, 28, 29] . 4. There exists a (3, 6)-LGDD(1 u ) if and only if u ≡ 2 (mod 6) and u ≥ 8 [19] .
By definitions it is easy to see that a (3, λ)-LGDD(g u ) can be used to obtain a simple (3, tλ)-GDD(g u ) for any 1 ≤ t ≤ In this paper, we shall obtain necessary and sufficient conditions for the existence of a (3, λ)-LGDD(g u ) and the existence of a simple (3, λ)-GDD(g u ) for any g > 1. Generalizing the known results in Theorems 1.3 and 1.4, we will prove the following two theorems.
Theorem 1.6. There exists a (3, λ)-LGDD(g u ) if and only if
This paper is organized as follows. In the next section, we will introduce some necessary definitions and notations, and generalize L. Teirlinck's method called large sets with holes which will play an important role in our constructions. In Section 3, we shall give some constructions for some good large sets defined in Section 2 by using LR designs and generalized frames. In the last two sections, we shall prove Theorems 1.6 and 1.7.
Large sets with holes
In this section, we shall introduce a method called large sets with holes which was posed by L. Teirlinck in [23] , and define some new large sets.
An LS(λ 1 , λ 2 ; 2, (3, K), v) is a collection (X, B r ) r∈R of S(λ 2 ; 2, K, v) such that (X, ∪ r∈R B r ) is an S(3, K, v) and such that, for each B ∈ ∪ r∈R B r , B appears exactly λ 1 (|B|−2) times in the multiset {B : B ∈ B r , r ∈ R}. (Note that ∪ r∈R B r denotes the ordinary union of the B r and not the multiset-union.) L. Teirlinck mainly considered the special case LS(λ, 1; 2, (3, K), v) in [23] . In this paper, we will focus on another special case LS(1, λ; 2, (3, K), v). We usually write LS (2, (3 
We first define a new large set with special properties which will play an important role in our recursive constructions. An LS*(1, λ; 2, (3, K), v) is an LS(1, λ; 2, (3, K), v) (X, B r ) r∈R such that for any r ∈ R, B ∈ B r and |B| ≥ 4, B appears exactly λ times in the B r .
An S(λ; 2,
with two distinguished points. The proofs of the following constructions for LS, LS* and LGDD are similar to the proofs of Constructions 2.2(b), 4.1, and 5.1 in [23] . 
It is easy to check that the union of any two Eulerian digraphs is also an Eulerian digraph.
A good S(λ; 2,
, and where D is an Eulerian digraph on S whose underlying undirected graph has edge-set {{x, y} : x, y ∈ S, {∞ i , x, y} ∈ B, i ∈ {1, 2}}.
is essentially equivalent to a GLS(v), as defined by Lu in [13] . We need the following result on GLS(2, (3, K 0 , {3}, K 2 ), v) for our constructions. Proof: Let S = {0, 1, 2} and
It is easy to check that (S,
Lemma 2.5. There exists a GLS(1, 2; 2, (3, {3}, {3}, {3}), 6).
Proof: Let S = {0, 1, 2, 3}, R = {0, 1}, and
It is easy to check that (S, ∞ 1 , ∞ 2 , B r , D r ) r∈R is a GLS(1, 2; 2, (3, {3}, {3}, {3}), 6). Lemma 2.6. There exists a GLS(1, 2; 2, (3, {3}, {3}, {3}), 10).
Proof: Let S = {0, 1, 2, . . . , 7}, R = {0, 1, 2, 3}, and
(1, 5, 6), (2, 3, 4) , (2, 3, 5) , (4, 5, 6) , (4, 5, 7)},
It is easy to check that (S, ∞ 1 , ∞ 2 , B r , D r ) r∈R is a GLS(1, 2; 2, (3, {3}, {3}, {3}), 10).
Lemma 2.7. There exists a GLS*(1, 3; 2, (3, {3}, {3}, {5}), 11).
Proof: Let S = Z 9 , R = {0, 1, 2}, and
(3i, 3i + 1, 3i + 5), (3i, 3i + 4, 3i + 2), (3i + 6, 3i + 3, 3i + 7), (3i + 6, 3i + 3, 3i + 1), (3i + 6, 3i + 3, 3i + 4), (3i + 7, 3i + 2, 3i + 5), (3i + 1, 3i + 8, 3i + 2), (3i + 4, 3i + 5, 3i + 8) :
(3i, 3i + 7, 3i + 2), (3i, 3i + 1, 3i + 8), (3i + 3, 3i + 6, 3i + 5), (3i + 3, 3i + 6, 3i + 2), (3i + 3, 3i + 6, 3i + 8), (3i + 7, 3i + 1, 3i + 5), (3i + 1, 3i + 4, 3i + 2), (3i + 4, 3i + 7, 3i + 8) : i = 0, 1, 2}. (1, 5) , (1, 8) , (2, 4) , (2, 7) , (4, 5) , (4, 8) , (5,7), (7, 8) , (2,1), (4,2), (5,1) , (5,4), (7,2), (7, 5) , (8, 1) , (8, 4) (2, 6) , (3, 5) , (3, 8) , (5, 6) , (6, 8) , (2,0), (3,2), (5,0), (5,3), (6,2), (6, 5) , (8, 0) , (8, 3) , (8, 6 ) }, A(D 2 ) = { (0,1), (0,4), (0,7), (1, 3) , (1, 6) , (3, 4) , (3, 7) , (4,6), (6,7), (1,0), (3,1), (4,0), (4,3), (6,1), (6,4), (7,0), (7, 3) , (7, 6 ) }.
Let G r = {∞ 1 , ∞ 2 , r, 3 + r, 6 + r} and B r = {G r , G r , G r } ∪ A r for all r ∈ R . It is easy to check that (S, ∞ 1 , ∞ 2 , B r , D r ) r∈R is a GLS*(1, 3; 2, (3, {3}, {3}, {5}), 11).
The proofs of the following two recursive constructions for LS and GLS are similar to the proofs of Constructions 2.1 and 2.2(c) in [23] . Next we will give a recursive construction for LS*. For our construction, we need the following definitions. A quasigroup of order n is a pair (Q, •), where Q is a set of size n and " • " is a binary operation on Q such that for every pair of elements a, b ∈ Q, the equations a • x = b and y • a = b have unique solutions. A quasigroup is said to be idempotent if a • a = a for any a ∈ Q. A quasigroup is said to be commutative if a • b = b • a for any a, b ∈ Q. An idempotent commutative quasigroup is a rename the table for (Z n , +) which is the additive group of integers modulo n. For any odd n, there exists an idempotent commutative quasigroup of order n. 
Step
Step 2: For each B ∈ B r and {∞ 1 , ∞ 2 } ∩ B = ∅, let (B × Z w , G B , B B (r,i) ) i∈Zw be a (3, 1)-LGDD(w 3 ) , where G B = {{x} × Z w : x ∈ B}.
Step 3: Let (Z w , •) be an idempotent commutative quasigroup of order w. For each B = {∞ l , x, y} ∈ B r , l ∈ {1, 2}, and (x, y) ∈ D r , put B B (r,i,0) = {{∞ l , x a , y a+i } : a ∈ Z w } and
, wv + 2). Let P be a 2-subset of (S × Z w ) ∪ {∞ 1 , ∞ 2 }. We distinguish 4 cases.
(1) P = {∞ 1 , ∞ 2 }. There are exactly λ identical blocks B ∈ B r such that P ⊂ B since (S, ∞ 1 , ∞ 2 , B r , D r ) r∈R is a GLS*. By
Step 1 P appears in λ identical blocks
, and M 1 is consisted of λ identical blocks by the definition of a GLS*. By
Then by Step 3 P is contained in the block {∞ l , x a , y a+i } ∈ B B (r,i,0) if (x, y) ∈ D r or in the block {∞ l , y a−i , x a } ∈ B B (r,i,0) if (y, x) ∈ D r . So P is contained in exactly λ blocks of B (r,i) since |M 1 | = λ.
(3) P = {x a , x b }, x ∈ S, a, b ∈ Z w and a = b. If there is a block B ∈ B r such that {∞ 1 , ∞ 2 , x} ⊂ B, then t x = λ and by
Step 1 P appears in λ identical blocks in B (r,i) .
, there is a block B = {∞ l , x, y} ∈ B r , l ∈ {1, 2}. Then by Step 3 P is contained in the block {x a , x b , y a•b+i } ∈ B B (r,i,1) . So P is contained in exactly λ blocks of B (r,i) since |M 2 | = λ.
(4) P = {x a , y b }, x, y ∈ S, x = y and a, b ∈ Z w . Let multiset M 3 = {B : B ∈ B r , {x, y} ⊂ B}. Then |M 3 | = λ. If there is a block B ∈ M 3 and |{∞ 1 , ∞ 2 } ∩ B| = 2, then P appears in λ identical blocks in B (r,i) from Step 1. Otherwise, for any block B ∈ M 3 , |{∞ 1 , ∞ 2 } ∩ B| ≤ 1. We distinguish into 2 subcases.
(I) |{∞ 1 , ∞ 2 } ∩ B| = 1. Let B = {∞ l , x, y}, l ∈ {1, 2} and (x, y) ∈ D r . If i = b − a, then P is contained in the block {∞ l , x a , y b } ∈ B B (r,i,0) from Step 3. If i = b − a, then there is a unique c ∈ Z w such that b − i = a • c by idempotent commutative quasigroup (Z w , •). Then P is contained in the block {x a , x c , y b } ∈ B B (r,i,1) from Step 3.
(II) |{∞ 1 , ∞ 2 } ∩ B| = 0. Suppose B = {x, y, z}. By Step 2 P is contained in exactly one block of B B (r,i) since (B × Z w , G B , B B (r,i) ) is a (3, 1)-GDD(w 3 ). So P is contained in exactly λ blocks of B (r,i) since |M 3 | = λ.
Next we prove that for any 3-subset T of (S × Z w ) ∪ {∞ 1 , ∞ 2 }, there is exactly one block A ∈ ∪ (r,i)∈R B (r,i) such that T ⊆ A. We distinguish 6 cases.
(1) T = {∞ 1 , ∞ 2 , x a }, x ∈ S and a ∈ Z w . Then {∞ 1 , ∞ 2 , x} is contained in a unique block B ∈ ∪ r∈R B r since (S, ∞ 1 , ∞ 2 , B r , D r ) r∈R is a GLS*. By Step 1 T is contained in the block
(2) T = {∞ l , x a , x b }, l ∈ {1, 2}, x ∈ S, a, b ∈ Z w and a = b. Then this case is similar to case (1).
(3) T = {∞ l , x a , y b }, l ∈ {1, 2}, x, y ∈ S, x = y and a, b ∈ Z w . Then there is a unique block B ∈ ∪ r∈R B r such that {∞ l , x, y} ⊂ B. If |{∞ 1 , ∞ 2 } ∩ B| = 2, then this case is similar to case (1). Otherwise, |{∞ 1 , ∞ 2 } ∩ B| = 1. Then there is a unique r ∈ R such that B = {∞ l , x, y} ∈ B r . If (x, y) ∈ D r , then there is a unique i 1 = b − a such that T ∈ B B (r,i 1 ,0) from Step 3. If (y, x) ∈ D r , then there is a unique i 1 = a − b such that T ∈ B B (r,i 1 ,0) from Step 3. So T is contained in exactly one blocks of ∪ (r,i)∈R 1 B (r,i) .
(4) T = {x a , x b , x c }, x ∈ S, a, b, c ∈ Z w and |{a, b, c}| = 3. This case is similar to case (1).
(5) T = {x a , x b , y c }, x, y ∈ S, x = y, a, b, c ∈ Z w and a = b. If there is a unique block B such that {∞ 1 , ∞ 2 , x, y} ⊂ B and B ∈ ∪ r∈R B r , then this case is similar to case (1). Otherwise, there is a unique block B = {∞ l , x, y}, l ∈ {1, 2} such that (x, y) ∈ ∪ r∈R D r . Then there is a unique i = c − a • b such that T ∈ B B (r,i,1) from Step 3. So T is contained in exactly one blocks of ∪ (r,i)∈R 1 B (r,i) .
(6) T = {x a , y b , z c }, x, y, z ∈ S, |{x, y, z}| = 3 and a, b, c ∈ Z w . Then there is a unique block B ∈ B r such that {x, y, z} ⊂ B. If |{∞ 1 , ∞ 2 } ∩ B| = 2, then this case is similar to case (1). Otherwise, |{∞ 1 , ∞ 2 } ∩ B| ≤ 1. Then we have |{∞ 1 , ∞ 2 } ∩ B| = 0. By Step 2 we have T ∈ ∪ i∈Zw B B (r,i) since (B × Z w , G B , B B (r,i) ) i∈Zw is a (3, 1)-LGDD(w 3 ). So T is contained in exactly one blocks of ∪ (r,i)∈R 1 B (r,i) .
Finally, we show that each block A, A ∈ B (r,i) and |A| ≥ 4, appears λ times in B (r,i) and |A| − 2 times in the multiset {B (r,i) : (r, i) ∈ R 1 }, respectively.
Let A ∈ B (r,i) and |A| ≥ 4. Then A must come from Step 1. So we have {∞ 1 , ∞ 2 } ⊂ A. Thus, there is a block B ∈ B r such that {∞ 1 , ∞ 2 } ⊂ B and A = {∞ 1 , ∞ 2 }∪((B\{∞ 1 , ∞ 2 })× Z w ) from Step 1. Since (S, ∞ 1 , ∞ 2 , B r , D r ) r∈R 1 is a GLS*, B appears λ times in B r and |B| − 2 times in the multiset {B r : r ∈ R}, respectively. So A appears λ times in B (r,i) and w(|B| − 2) = |A| − 2 times in the multiset {B (r,i) : (r, i) ∈ R 1 } from Step 1, respectively. Now the proof is complete.
Constructions for GLS*
In this section, we shall give two constructions for good large sets by using LR designs and generalized frames. A GDD (X, G, B) is called resolvable if there exists a partition Γ = {P 1 , P 2 , . . . , P r } of B such that each part P i (called a parallel class) is itself a partition of X. The partition Γ is called a resolution of B.
Let X be a v-set. An LR design of order v (or LR(v) as in [12] ) is a collection {(X, A Step 1:
Step 3 
is a parallel class. By Step 1 P is contained in the block B × Z 2 . If x = y. There is exactly one block B ∈ A j k such that {x, y} ⊂ B since (S ∪ {∞}, A j k ) is an S(2, 3, 2v + 1). By Steps 2 and 3 P is contained in exactly one block of
, there is a unique point (y, b) ∈ S × Z 2 such that ((x, a), (y, b) ) ∈ A(D i jk) and {∞ l , (x, a), (y, b)} ∈ B B i , l ∈ {1, 2} from Step 3. Then t (x,a) = 0 and d − (x, a) = d + (x, a) = 1.
Next we prove that for any 3-subset T = {(x, a), (y, b), (z, c)} of (S × Z 2 ) ∪ {∞ 1 , ∞ 2 }, there is exactly one block A ∈ ∪ (i,j,k)∈R B ijk such that T ⊆ A. We distinguish 2 cases.
(1) |{x, y, z}| = 2. Then we suppose that x = y = z. There is exactly one block B ∈ A such that {x, y} ⊂ B since (S ∪ {∞}, A) is an S (2, 3, 2v + 1) . By Step 1 T is contained in the block B × Z 2 .
(2) |{x, y, z}| = 3. By definition of LR design, there exist k, j such that B = {x, y, z} ∈ A Thirdly, we show that each block A, A ∈ ∪ (i,j,k)∈R B ijk and |A| = 6, appears 4 times in the multiset {B ijk : (i, j, k) ∈ R}.
Let A ∈ ∪ (i,j,k)∈R B ijk and |A| = 6. Then A must come from Step 1. So there is a unique block B ∈ A such that A = B × Z 2 . By
Step 1 B appears exactly 4 times in the multiset
Let ordered pair ((x, a), (y, b)) of distinct elements of S × Z 2 , not contained in some block A with {∞ 1 , ∞ 2 } ⊂ A. Then we have x = y. There exist k, j such that {x, y, ∞} ∈ A j k . By
Step 3 we have ((x, a), (y, b) 
Now the proof is complete.
By Theorem 3.1 and Construction 3.2, we have the following theorem.
Theorem 3.3. There exist a GLS(2, (3, {3, 6}, {3}, {6}), 2v) and a GLS*(1, 2; 2, (3, {3, 6}, {3}, {6}), 2v) for all v ∈ {3 n , 2 × 7 n + 1, 2 × 13 n + 1 : n ≥ 1}.
Lemma 3.4. There exists an LS*(1, 2; 2, (3, {3}, {3}, {14}), 50).
Proof: By Theorem 3.3 there is a GLS*(1, 2; 2, (3, {3, 6}, {3}, {6}), 18). Apply Construction 2.9 with an LS(1, 2; 2, (3, {3}), 6) from Lemma 2.5 to get a GLS*(1, 2; 2, (3, {3}, {3}, {6}), 18). Then we apply Construction 2.12 with w = 3 to get an LS*(1, 2; 2, (3, {3}, {3}, {14}), 50).
Lemma 3.5. There exists an LS*(1, 2; 2, (3, {3}, {3}, {26}), 98).
Proof: By Theorem 3.3 there is a GLS(2, (3, {3, 6}, {3}, {6}), 18) (S,
For B ∈ β r and {∞ 1 , ∞ 2 } ∩ B = ∅, let R B = {{r} × Z 6 : B ∈ β r } . By Theorem 1.4, we have a (3, 1)-LGDD(6 3 ) and (3, 1)-LGDD(6 6 ). Then let (B × Z 6 , G B , B B (r,i) ) (r,i)∈R B be a (3, 1)-LGDD(6 |B| ), where G B = {{x} × Z 6 : x ∈ B}.
Let A 0 = {(0, 1, 2), (0, 4, 5), (3, 1, 5) , (3, 4, 2) , (1, 0, 2), (1, 3, 5) , (4, 0, 5) , (4, 3, 2) , (2, 0, 1), (2, 3, 4) , (5, 0, 4), (5, 3, 1)}, A 1 = {(0, 0, 2), (0, 3, 5), (3, 0, 5) , (3, 3, 2) , (1, 0, 1), (1, 3, 4) , (4, 0, 4) , (4, 3, 1) , (2, 1, 2), (2, 4, 5) , (5, 1, 5) , (5, 4, 2)}, A 2 = {(0, 0, 1), (0, 3, 4), (3, 0, 4) , (3, 3, 1) , (1, 1, 2) , (1, 4, 5) , (4, 1, 5) , (4, 4, 2) , (2, 0, 2), (2, 3, 5) , (5, 0, 5) , (5, 3, 2)}.
For B ∈ β r , B = {∞ 1 , x, y} and (x, y) ∈ D r , let B B (r,i) , 0 ≤ i ≤ 2, consist of the sets {{ (x, a), (x, b), (y, c)}, {(x, a), (x, b), (y, c+3)}}, (a, b, c) ∈ A i , as well as the sets {{(x, a), (x, a+ 3), (y, a + i), (y, a + i + 3)}, {(x, a), (x, a + 3), (y, a + i), (y, a + i + 3)}}, a ∈ Z 6 .
For B ∈ β r , B = {∞ 2 , x, y} and (x, y) ∈ D r , let B B (r,i) , 0 ≤ i ≤ 2, consist of the sets {{ (x, a), (x, b), (y, c)}, {(x, a), (x, b), (y, c + 3)}}, (a, b, c) ∈ A i , as well as the sets {{∞ l , (x, a), (y, a + i)}, {∞ 1 , (x, a), (y, a + i + 3)}}, l = 1, 2.
Let B (r,i) = ∪ B∈βr B B (r,i) for r ∈ R and 0 ≤ i ≤ 2. It is easy to check that (S × Z 6 , ∞ 1 , ∞ 2 , β (r,i) ) (r,i)∈R×{0,1,2} is an LS*(1, 2; 2, (3, {3, 4}, {3}, {26}), 98). Apply Construction 2.9 to get an LS*(1, 2; 2, (3, {3}, {3}, {26}), 98).
is a 3-wise balanced design. If block sizes of A i and T are from K i (1 ≤ i ≤ s) and K T , respectively, then the s-fan design is denoted by s-FG(3,
A generalized frame (as in [24] ) F(3, 3, g u ) is a GDD(3, 3; g u ) (X, G, A) such that the block set A can be partitioned into gn subsets A x , x ∈ G and G ∈ G, each (X\G, G\{G}, A x ) being a (3, 1)-GDD(g u−1 ). Proof: Let (X, G, A 1 , T ) be the given 1-FG(3, (
Step 1: For each block B ∈ A 1 , let (B ×Z m , ∞ 1 , ∞ 2 , B Bx , D Bx ) x∈B be a GLS*(1, m; 2, (3, K 0 , {3}, {m + 2}), m|B| + 2) such that M x is a set of all blocks of size m + 2 in B Bx .
Step 2: For each block B ∈ T , we can construct a generalized frame F(3, 3, m |B| ) on B × Z m having Γ B = {G x : x ∈ B} as its group set and the block set can be partitioned into m|B| disjoint block sets C B (x, i) (x ∈ B, i ∈ Z m ) with the property that each
Step 3: For any x ∈ X, let
Let P = {(y, a), (z, b)} be a 2-subset of (X × Z m ) ∪ {∞ 1 , ∞ 2 }. We distinguish two cases.
(1) y = z. If y ∈ {x, ∞}, then there is exactly one block B ∈ A 1 such that {x, y} ⊂ B since (X, A 1 ) is an S (2, K 1 , u) . By Step 1 P is exactly contained in m blocks of B Bx since (B × Z m , ∞ 1 , ∞ 2 , B Bx , D Bx ) is a GS(1, m; 2, (3, K 0 , {3}, {m + 2}), m|B| + 2). Otherwise, y ∈ {x, ∞}. For any block B ∈ A 1 satisfying x ∈ B, by Step 1 there are exactly m identical blocks A = (G x ∪ S) ∈ B Bx since (B × Z m , ∞ 1 , ∞ 2 , B Bx , D Bx ) is a GS(1, m; 2, (3, K 0 , {3}, {m + 2}), m|B| + 2) and M x ⊂ B Bx .
(2) y = z. Then there is exactly one block B ∈ A 1 ∪ T such that {x, y, z}
Next we prove that for any 3-subset T = {(y, a), (z, b), (g, c)} of (X × Z m ) ∪ {∞ 1 , ∞ 2 }, there is exactly one block A ∈ ∪ x∈X F x such that T ⊆ A. We distinguish 2 cases.
(1) |T ∩ (G x ∪ S)| = 3 for some x ∈ X. For any B ∈ A 1 and x ∈ B, by Step 1 T is exactly contained in the block G x ∪ S ∈ ∪ x∈B B x since (B × Z m , ∞ 1 , ∞ 2 , B Bx , D Bx ) x∈B is a GLS*(1, m; 2, (3, K 0 , {3}, {m + 2}), m|B| + 2). Then there is exactly one block G x ∪ S ∈ ∪ x∈X F x from Step 3.
(2) |T ∩ (G x ∪ S)| ≤ 2 for any x ∈ X. We distinguish 2 subcases. (I) |T ∩ (G x ∪ S)| = 2 for some x ∈ X. If ∞ ∈ {y, z, g}, it is clear that only one element is ∞ and the other two are distinct. Without loss of generality, let g = ∞ and y = x. Then (g, c) ∈ S and (y, a) ∈ G x . There is exactly one block B ∈ A 1 such that {x, z} ⊂ B since (X, A 1 ) is an S(2, K 1 , u). So T is exactly contained in one block of B Bx since (B ×Z m , ∞ 1 , ∞ 2 , B Bx , D Bx ) x∈B is a GLS*. Otherwise ∞ ∈ {y, z, g}, then |{y, z, g}| = 2. Without loss of generality, let g = z = x and y = x. Then (z, a), (g, c) ∈ G x . There is exactly one block B ∈ A 1 such that {x, y} ⊂ B since (X, A 1 ) is an S(2, K 1 , u). So T is exactly contained in one block of B Bx .
(II) |T ∩ (G x ∪ S)| ≤ 1 for any x ∈ X. Then then |{y, z, g}| = 3 and ∞ ∈ {y, z, g}. There is exactly one block B ∈ A 1 ∪ T such that {y, z, g} ⊂ B since (X, G, A 1 , T ) is a 1-FG(3, (K 1 , K T ), u). If B ∈ A 1 , by Step 1 T is exactly contained in one block of ∪ x∈B B Bx since (B × Z m , ∞ 1 , ∞ 2 , B Bx , D Bx ) x∈B is a GLS. Otherwise B ∈ T . There is a element x ∈ B such that x ∈ {y, z, g} since |B| ≥ 4. By Step 2 T is exactly contained in one block of C B (x, i) since ((B\{x}) × Z m , Γ B \{G x }, C B (x, i)) is a (3, 1)-GDD(m |B|−1 ).
Thirdly, we show that each block A, A ∈ F x and |A| ≥ 4, appears m times in F x and |A| − 2 times in the multiset {F x : x ∈ X}, respectively. Let A ∈ F x and |A| ≥ 4. Then A must come from Step 1. Thus, there is a block B ∈ A 1 such that A ∈ ∪ x∈B B Bx . Since (B × Z m , ∞ 1 , ∞ 2 , B Bx , D Bx ) x∈X is a GLS*, A appears m times in B Bx and |B| − 2 times in the multiset {B Bx : x ∈ X}, respectively. So A appears m times in F x and w(|B| − 2) = |A| − 2 times in the multiset {F x : x ∈ X} from Step 1, respectively.
Finally, we show that each ordered pair ((x, a), (y, b)) of distinct elements of X × Z m , not contained in some block A with {∞ 1 , ∞ 2 } ⊂ A, appears in exactly one D x .
For each ordered pair (x, y) of distinct elements of X × Z m , not contained in some block {∞ 1 , ∞ 2 } ∈ B, there exists a unique block B ∈ A 1 such that {x, y} ⊂ A since (X, A 1 ) is an S (2, K 1 , u) . Then by Step 1 ((x, a), (y, b) ) ∈ ∪ x∈B A(D Bx ) since definition of GLS*. Now, the proof is complete.
Theorem 3.8. There exist a GLS*(1, 3; 2, (3, {3}, {3}, {5}), 3u+2) and a GLS(1, 3; 2, (3, {3}, {3}, {3}), 3u + 2) for any u ≡ 1, 3 (mod 6).
Proof: There is an S(3, 4, u + 1) in [7] . Delete a point from its point set to obtain a 1-FG(3, ({3}, {4}), u). A GLS*(1, 3; 2, (3, {3}, {3}, {5}), 11) exists by Lemma 2.7. Apply Construction 3.7 with m = 3 to get a GLS*(1, 3; 2, (3, {3}, {3}, {5}), 3u + 2). There is a GLS*(1, 3; 2, (3, {3}, {3}, {3}), 5) by Lemma 2.4. We apply Construction 2.9 to get a GLS(1, 3; 2, (3, {3}, {3}, {3}), 3u + 2).
4
The spectrum for (3, λ)-LGDD(g u )
In this section, we shall prove our main result on (3, λ)-LGDD(g u ). We start with a direct construction.
Lemma 4.1. There exists a (3, 2)-LGDD(3 8 ).
Proof: We shall construct a (3, 2)-LGDD(3 8 ) with point set X = Z 24 and group set G = {{i, i + 8, i + 16} : 0 ≤ i ≤ 7}. The block set B i of the i-th simple (3, 2)-GDD(3 8 ) can be generated from an initial block set A i by +1 (mod 24), 0 ≤ i ≤ 8.
